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In 1974, Sen proved weak convergence of the empirical processes (in the 
Jr-topology on Dp[O, 11) for a stationary $-mixing sequence of stochasticp( > l)- 
vectors. In this note, we show that Sen’s theorem on weak convergence of the 
multidimensional empirical process for a statiopary &mixing sequence of 
stochastic vectors remains true under a less restrictive condition on the mixing 
constants {I$,}, i.e., & = O(n-l-s) for some 6 > 0. 
1. INTRODUCTION 
Let {XJ = {(Xi, ,..., Xi,)‘, - 00 < i < co} be a strictly stationary sequence 
of stochastic p( > l)-vectors defined on a probability space (Q, &, P) with each 
X, (-co < i < co, 1 <j < p) having the uniform distribution on the interval 
[0, 11. Let dab denote the o-algebra generated by Xa , a < i < b. Suppose that 
the sequence is &mixing, i.e., the sequence satisfies the condition 
for all B E A!,,* with probability one. 
Let 
q,,(t) = P(X,, < t) = t, 0 ,<t< 1, j= l,..., p, P-2) 
and put 
F(t) = P(& < t), tEE’, (1.3) 
where E’ = {t : 0 < t < l} is the p-dimensional unit cube, 0 = (O,..., 0), 
1 = (I,..., 1) and a < b means that ui ,< bj, 1 < j < p. Note that F(t) = 0 
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if at least one coordinate oft is 0. For a sample X1 ,..., X, of size n, the empirical 
df is defined by 
F,(t) = n-1 f  c(t - X,), tEEP, n 2 1, (1.4) 
i=l 
where c(u) = 1 if and only if u > 0, and 0 otherwise. F,(t) = 0, when at least 
one coordinate oft is zero. Let W,, = (W%(t) : t E EP) be the empirical processes 
defined by 
W*(t) = nl/2[Fm(t) - F(t)], tEEP, ng 1. (1.5) 
For-every n > 1, the process W, belongs to the space D[O, l] of all real-valued 
functions on Es with no discontinuities of the second kind, and with P[O, l] 
we associate the (extended) Skorokhod Jr-topology. Let W = {W(t) : t E EP) be 
the p-dimensional Gaussian process where 
EW(t) = 0, tEEp (1.6) 
and for every s, t E Ep 
qs, t) = EW(s) W(t) 
--- E{c(s - Xl) c(t - Xl) - F(s)F(t)) (1.7) 
+ f E{c(s - X,) c(t - X,) + c(s - X,) c(t - XI) - =‘(@‘(t)) 
k=2 
(It is known that the series on the right side of (1.7) converges if C 4(n) < co 
holds.) 
For p = 1, Billingsley [l] proved first that the weak convergence of ‘Y&~ to 
YY holds under the condition C n2@12(n) < 00 and the author [5] proved the 
same result under the condition C(n) = O(K~) using Sen’s method in [3]. 
Further, for general p > 1, Sen [4] proved that the weak convergence of wn to 
YY holds under the condition C n$1/2(n) < cu. 
The object of this note is to show that the above results remain true under the 
less restrictive condition +(n) = O(n-l-“) for some S (>O), i.e., to show the 
following 
THEOREM. Suppose that (Xi} is a strictly stationary @nixing sequence of 
stochastic vectors, defined in Section 1. Then W,, converges in law (in the Skorokhod 
Jl-topology on P[O, 11) to the Gaussian process W, defined @hove, ;f $(n) = 
O(n-l-s) for some 6 > 0. 
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2. PROOF 
First, we consider a basic lemma. Let the process {xi} be a strictly stationary 
$-mixing sequence of Bernoullian random variables, centered at expectations. 
Let (Y = Ezi2 > 0. Then, E 1 zi 1 < a1j2. Further, let S, = zi -C ... 2 z, . 
LEMMA. If C(n) = O(C-~) for some 6 (0 < 6 < l), tha JOY say E > 0 and 
for all n s@ciently large there exists a 7 (>0) such that 
p(I n-l12Sn / > c) < Kl{?CT~ + .1+(“2)}2 (2.8) 
where the constant K1 does not depend on n and CL 
Proof. In what follows, by the letter Ki , we denote any positive quantity 
(not always the same) which is bounded and does not depend on 9~ and LY. Let 
e be sufficiently large. Let Q be the largest integer such that 2c+1 < n. Put 
p = 21rsI(lg = (8 - 36)/16) and m = 2+-[@1, where [s] denotes the largest i 
such that j < s. Moreover, let ti = xy=, zifi ( j = l,..., 2m) and put 
T(k) = Tk = i 523-2, Tin = t2i-1, T; ‘= S, - T, - T; . 
j=l 
Then, using Lemma 1 in [I, p. 1701, [ Zi / < 1 and E&, = 0, we have the 
following: 
(9 I Tk I < C~-2,,+l I zi I < n - 2mp < 2p = o(fG). 
(ii) Efoa < K,pol and IE&f,, / < 2Efa2(+(jp)}1/2 < K3p(1-8)laj-(1+s)12,, 
and so 
ETk2 = E 1 il 6 I2 < K,kpa{l + p-f1+s”2k(1--6)‘2} < K,kpc( 
(1 < k < m) (2.9) 
and 
E I Tk 12+6 < (kp)SET,2 < K6(kp)l+% (1 < k < m). (2.10) 
(iii) If for some y’( >0) 
W’)11’(2+8’ < f/8, (2.1 I) 
then 
< (2 + y) E ( i 6i 12+* + 4 /E li$ & 12/1+‘6’2’ (2.12) 
i=l 
(cf. [2, Lemma 18.5.11). 
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Now, choose two positive numbers y  and p for which 
(2 + Y) 2- (l+as1(4+6)) < p < 1 (2.13) 
holds. Since (2.11) h o s Id f  or all H sufficiently large, so using (12) repeatedly 
follows from (2.9) and (2.10) that 
E 1 T, [2+6 < (2 + y)&sl-[~r/lslg , qp~/lel)j2+e 
r-b81-br/l6l 
+ 4 -gl (2 + yy-‘{E j T(2T-[TP’--I)Ia}1+(8’2) 
it 
(2.14) 
~ K,(2 + y)7-t781-~~~/lsl{p~~~~~~sl}1+~~ 
and consequently 
I-h314671181 
+ 4Ks 
iT; (2 + Y)i-l(P2T-trel-iCy)l+(6/2) 
.+1+(8/2))E , T, j2+8 < K~p&+-[~~/161, 
(2.15) 
It follows from (2.13) and (2.15) that there exists a p’ (0 < p’ < 1) such that the 
left-hand side of (2.15) 
< K9(p’)% + Klld+(s~2). (2.16) 
On the other hand, from (i) 
P(! S, ( > 3~2~‘~) < 2P(] T,,, 1 > l P) + P( 1 T; 1 > ctC2) 
= 2P(j T, 1 > c&2> (2.17) 
< K,,n-‘1+‘~‘2”E 1 T, 12+6. 
Hence, from (2.16) and (2.17) we have the desired result. 
Now, the proof of Theorem follows along the same line as of the proof of 
Theorem 2.1 in Sen [4] using our Lemma instead of using Lemma 2.1 in Sen [3] 
and so is omitted. 
Remark. It is obvious that we can also prove Theorem 2.2 in Sen [4] under 
the condition 4(n) = O(n-l+j). 
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